We consider Maxwell systems with instantaneous conductivity and nonlocal in time (hysteretic) polarization laws which are characteristic of dispersive dielectric media. We formulate such systems in an operator theoretic framework and show that, under certain conditions on the dielectric response function, the resulting systems generate C 0 semigroups. It is shown that multiple Debye polarization models are included in those for which a semigroup formulation is possible.
Introduction
In a forthcoming monograph BBL00] we have developed a theoretical and computational framework for electromagnetic interrogation of dispersive dielectric media. In that work we show that one can take a time domain variational or weak formulation of Maxwell's equations in dispersive materials and, in the context of inverse problems, use partially re ected polarized microwave pulses to determine both dielectric material properties and geometry of bodies (speci cally for plane waves inpinging on slab geometries in paradyms which approximate far eld interrogation). This is done in con gurations involving either supraconductive re ecting back boundaries or acoustically generated virtual re ectors.
The propagation and re ection of electromagnetic waves in dispersive dielectric media is, of itself, an interesting topic of investigation. As we point out in the next section (and demonstrate computationally in BBL00]), the underlying dynamical systems are not typical of either standard parabolic or standard hyperbolic (even with the usual dissipation) systems and are hence of mathematical interest. In this short note, we consider the Maxwell system for rather general dispersive dielectric media and show that such systems, under appropriate conditions on the polarization law, generate C 0 semigroup solutions. These results are presented in the context of the 1-dimensional interrogating systems developed in detail in BBL00] and we invite interested readers to consult that reference for more detailed discussions and development of the underlying model employed here.
2 Modeling of Dispersiveness in Dielectric Media
We begin with time domain Maxwell's equations in second order form (e.g., see BBL00]) for the electric eld E = E(t; z) of 1-dimensional polarized waves is the speed of light in vacuum, J c is the conduction current density, J s is a source current density and P is the electric polarization of the dielectric medium. We assume very general constitutive material laws for the polarization and conductivity given by
where we have tacitly assumed that E(t; z) = 0 for t < 0 and that both g p ( ; z) and g c ( ; z) vanish for < 0. With these assumptions, the integrals in equations (2.2), (2.3) are equivalent to integration over all of (?1; 1) and thus are indeed convolutions. The displacement susceptibility kernel g p (also referred to as the dielectric response function(DRF)) and the conductivity susceptibility kernel g c introduce nonlocality in time in the polarization and conductivity relationships APM89], Jac75] which is equivalent to frequency dependence of the dielctric permittivity and conductivity when using a frequency domain approach. We assume that either P or J c or both may contain instantaneous (local in time) components by introduction of distributions in the kernels g p and/or g c , respectively.
A medium is dispersive if the phase velocity of plane waves propagating through it depends on the frequency of the waves Jac75, Chap.7], Ch89, Chap.8]. To determine the dispersive nature of a medium described by equations (2.1)-(2.3) we seek planewave solutions of the homogeneous analogue of (2.1) of the form E(t; z) = E 0 e ?i(!t z) which travel in the z direction and have wavelength = 2 = . The phase velocity v p of these waves is the speed at which planes of constant phase move through the models, as well as combinations of such models also lead to dispersion in a medium. Thus, in summary we see that instantaneous conductivity but not instantaneous polarization yields dispersiveness in a medium. For a polarization contribution to dispersiveness one must include rst or higher order polarization models (instantaneous polarization can be correctly viewed as zero order polarization dynamics). For our semigroup presentation in the next section we shall therefore consider the model (2.1) with instantaneous conductivity and a general (higher order) polarization model given by (2.2) with g p = g where the DRF g is assumed smooth in time (i.e., without loss of generality we can assume no instantaneous component for g). Such distributed parameter systems are of interest since they are neither simple hyperbolic nor parabolic in nature.
For simple Ohm's Law conductivity and instantaneous polarization (or no polarization), the system (2.1) becomes a well understood dissipative or damped hyperbolic system for which a semigroup formulation can readily be found in the research literature on distributed parameter systems. However, for (2.1) with polarization based dispersiveness, we obtain a system with behavior of solutions that are neither standard hyperbolic ( nite speed of wave propagation along characteristics) nor standard parabolic (in nite speed of propagation of disturbances). Indeed for (2.1) with either Debye or Lorentz polarization, rather fascinating solutions can be observed. These in-volve the formulation of so-called Brillouin and Sommerfeld precursors where a pulsed excitation (containing waves with a range of frequencies) evolves into waves propagated with di erent velocities which coalesce into wave \packets" (see Chapter 4 of BBL00] and APM89] and the references therein for discussions of these phenomena).
It is of both mathematical and practical interest to know whether these interesting systems can be described in a semigroup context. The potential advantages a orded by a semigroup formulation are widespread since there is a tremendous literature for control, estimation and identi cation, and stabilization of systems in a semigroup setting. Results for both stochastic and deterministic control methodologies ( In the next section we present a semigroup formulation of the system (2.1) with simple Ohm's Law conductivity along with general polarization based dispersiveness generated by polarization laws of the form (2.2). To be more precise, we take (2.1) for t > 0 and z 2 (0; 1) with J c (t; z) = (z)E(t; z) where (z) vanishes outside (0; 1].
The closed region is some dielectric material region (e.g., a slab or several slab-like regions) containing instantaneous conductivity as well as non trivial polarization of the form (2.2) with g p (t; z) = g(t; z) vanishing outside z 2 . Using this form of conductivity and polarization in (2.1), we obtain the system E(t; z) 
A Semigroup Formulation
We turn in this section to a semigroup formulation for the dispersive system (2.12) -(2.14) or equivalently, (2.13) -(2.15), with instantaneous conductivity and general (non instantaneous) polarization.
For our development we assume that ; 2 L 1 (0; 1) while 2 L 1 ((0; T) (0; 1)) and ; ; vanish outside . We moreover assume that can be written as (t; z) = 1 (t) 2 (z) where 0 < L 2 (z) U on 
G( )E(t + )d
where G( ) (? ). We denote G 1 ( ) = 1 (? ) so that G( ) = G 1 ( ) 2 .
The approximation is valid for r su ciently large (r = 1 is permitted) so that (t) 0 for t > r. We observe at this point that _ G 1 ( ) 0 with G 1 ( ) > 0 on (?r; 0]. As introduced in the previous section, we take V = H 1 R (0; 1); H = L 2 (0; 1) with V , ! H , ! V . We shall have use ofH = L 2 2 ( ), the space L 2 ( ) with weighting function 2 , which is readily seen to be equivalent to L 2 ( ) due to the upper and lower bounds on 2 2 L 1 ( ). We shall denote the restriction of functions in L 2 (0; 1) to again by and write 2 L 2 ( ) or 2 L 2 2 ( ) whenever no confusion will result. We rewrite equation (3.9) as a rst order system in the state (t) = (E(t); _ E(t); w(t)) where w(t) = E(t) ? E t . To aid in this we introduce another operator D : dom D W 7 ! W de ned on dom D = f 2 H 1 (?r; 0;H)j (0) = 0g by
We then observe that w(t) = E(t) ? E t satis es
Thus we may formally rewrite (3.9) as a rst order system and adjoin to it the equation _ w(t) = Dw(t) + _ E(t):
(3.10)
We then obtain the rst order system for (t) given by _ (t) = A (t) + F(t) generator of a C 0 -semigroup, we actually consider the system (3.11) on an equivlaent space Z 1 = V 1 H W where V 1 is the space V with equivalent inner product h 1 ; 2 i V 1 =~ 1 ( 1 ; 2 ) where~ 1 is the sesquilinear form given in (3.5). Recall that 1 is symmetric, V continuous and V coercive so that it is topologically equivalent to the V inner product.
We are now ready to prove the following generation theorem.
Theorem Suppose that ; 2 L 1 (0; 1); 2 L 1 ((0; 1) (0; 1)) with ; ; vanishing outside . We further assume that can be written (t; z) = 1 (t) 2 (z) where Z 1 is a Hilbert space, it su ces to argue that for some 0 , A ? 0 I is dissipative in Z 1 and R( I ? A) = Z 1 for some > 0, where R( I ? A) is the range of I ? A.
We rst argue dissipativeness. (3.14)
We consider estimates for the last two terms in (3.14) separately. From Combining these estimates with (3.14), we obtain for 2 dom A Solutions are clearly continuously dependent on initial data 0 and the nonhomogeneous perturbation F. The rst component of (t) is a generalized solution E(t) of (3.1). One can now argue that the solution agrees with the unique weak solution obtained in Chapter 3 of BBL00], by using the arguments in Chapter 4.4 of BSW96]. Brie y, one argues equivalence for su ciently regular initial data and nonhomogeneous perturbation. Then density along with continuous dependence is used to extend the equivalence to more general data (see BSW96] for details).
Concluding Remarks
In the previous section we presented a semigroup generation theorem under general conditions on the coe cients ; ; of (2.15). The only possibly restrictive condition involved (t; z) = 1 0 g(t; z) = 1 (t) 2 (z) where it is required that 1 (t) > 0; _ 1 (t) 0.
We consider more closely the condition for some common polarization laws. We therefore see that it is not possible to conclude that 1 (t) > 0 or _ 1 (t) 0 so that our generation theorem does not guarantee a semigroup representation for systems with a Lorentz polarization law. In spite of this, we do believe that the Lorentz law does yield a system with a semigroup representation. We conjecture that the proof of the theorem we present can be modi ed to weaken the hypothesis on so as to include Lorentz and other oscillatory (even order) polarization models. We are currently pursuing these ideas. In closing we point out that the general class of dielectric response functions consisting of a linear combination of decreasing exponentials (essentially multiple Debye mechanisms) suggested for glasseous materials by Hopkinson Hop77] (see the discussion in Blo81, p.101-103]) are included under the theory presented in this note.
